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Introduction
The put-call parity, first formalized by Stoll (1969) , which will be referred to as the standard put-call parity in this paper, links the value of European put and call options on the same underlying security with the same exercise price and time to maturity in the absence of arbitrage opportunities. It results from a static hedge that mimics the options' payoffs at the maturity date and is therefore free from distributional assumptions. For instance, in the case of geometric Brownian motion (GBM), Black and Scholes (1973) formally demonstrated that in the Black-Scholes option pricing model put and call option prices satisfy the standard put-call parity. It then is tempting to assume that this parity also holds in asset pricing models where the price process of the underlying security follows a GBM with reflecting barriers, a price process that under the risk-neutral measure is a strict local martingale, i.e., a local martingale that does not satisfy the martingale property (see, for instance, Elworthy, Li, and Yor, 1999, or Carr, Fisher, and Ruf, 2014 , for more details about this class of martingales). However, recent papers have shown that the standard put-call parity does not hold when the underlying price process is a strict local martingale under the risk-neutral probability measure (Cox and Hobson, 2005 , and Heston, Loewenstein, Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) 1 In financial markets that satisfy the NFLVR assumption, where the wealth process exhibits a lower barrier and where always a non-negative final wealth results that can be strictly positive with a positive probability, trading strategies that start with zero initial wealth are precluded (Ruf, 2013) . 2 Moreover, if the market satisfies the NFLVR condition and financial markets are complete, then the ELMM is unique (Jarrow, Protter, and Shimbo, 2007) . 3 Notice that in this paper the term barrier and boundary are used interchangeably. and Willard, 2007) . To exclude arbitrage opportunities in the sense of the No Free Lunch with Vanishing Risk (NFLVR) 1 assumption of Delbaen and Schachermayer (1994) and for the first fundamental theorem of asset pricing to hold Schachermayer, 1994, and Schachermayer, 1998) , risk-neutral valuation must then be justified by invoking constraints on admissible trading strategies such that an equivalent local martingale measure (ELMM) exists (Jarrow, Protter, and Shimbo, 2010) . However, the price difference between the risk-neutral put and call prices, which will be denoted as the risk-neutral parity in the following, then no longer corresponds with the standard put-call parity. Hence, two alternative specifications for the relationship between put and call prices arise. 2 This paper analyzes the put-call parity when reflection is superimposed on GBM, which corresponds to a situation where the martingale property is lost, since the resulting price process follows a submartingale under the risk-neutral measure and according to the definition of a martingale (Doob, 1971 ), a martingale is both a sub-and a supermartingale. Consequently, this condition is not fulfilled in the case of a reflected geometric Brownian motion. In the following paragraph and to motivate this paper, first, this paper presents examples in economics and finance where stochastic price processes with reflecting barriers arise. Second, it is explained why it is interesting to analyze options in these cases and in particular, why it is important to analyze the relationship between both parities. Veestraeten (2008) examined GBM with reflection within the context of a takeover bid where the prospective conversion price acts as a lower boundary 3 for the stock price. Portfolio insurance products with a continuously guaranteed floor level of protection (see Gerber and Pafumi, 2000 , Imai and Boyle, 2001 , and Ko, Shiu, and Wei, 2010 , among others) also generates reflecting barriers, as well as when regulatory maximum prices or (agricultural) floor prices exist (see, for instance, Shonkwiler and Maddala, 1985) . Furthermore, reflecting barriers emerge within exchange rate target zones in which authorities prevent the exchange rate from moving beyond some level. The Japanese monetary authorities, for instance, have actively intervened to combat appreciations of the Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) 4 Further examples include the Swedish Riksbank from 1993 -2002 (Humpage and Ragnartz, 2006 , the Swiss National Bank in 1978, the Croatian National Bank in 1993 (Cottarelli and Doyle, 1999) or similarly the Czech National Bank since November 7, 2013 (Czech National Bank, 2013 .
yen vis-à-vis the US dollar (see, for instance, Chaboud and Humpage, 2005) and as such created a reflecting lower barrier. 4 Switzerland is another and recent example, where the Swiss National Bank (SNB) introduced a lower boundary for the EUR/CHF exchange rate on September 6, 2011 (Swiss National Bank, 2011) , which the SNB finally abandoned on January 15, 2015.
All these examples show that GBMs with reflecting barriers arise in several areas of economic and financial theory, as well as in empirical work. Moreover, in all of these examples, it is possible to write put and call options on the respective underlying security, (possibly) adding completeness to the respective market and allowing a more efficient risk transfer. Therefore, the present analysis of the put-call parity that arises when reflection is superimposed on GBM is an important contribution to this strand of literature. In this respect, the contribution of this paper is the following: First, it is demonstrated that the martingale property is lost when reflection is superimposed on GBM and that, here also, at least two different expressions emerge for the relationship between put and call prices; i.e., the standard put-call parity and the risk-neutral parity.
Second, although both parities can coexist when the martingale property is lost due to the NFLVR assumption, in the sense that more than one option price may solve the partial differential equation (PDE) in the Black-Scholes setting, one should choose either the no-arbitrage relation implied by the standard putcall parity or the no-arbitrage relation implied by risk-neutral option pricing (Heston, Loewenstein, and Willard, 2007) . However, there are studies in academia that erroneously mix both parities in a risk-neutral pricing framework when the diffusion is bounded by reflecting barriers (see, for instance, Campa and Chang, 1996 , Ingersoll Jr., 1997 and Veestraeten, 2008 . Therefore, in order to assess the relevance of the error that some academic papers (potentially) incurred by wrongly mixing both parities, the size and nature of the difference between both parities is analyzed as a cautionary note.
Third, the risk-neutral parity that is derived for a reflected geometric Brownian motion is used to analyze the impact that the introduction of a boundary in an initially free floating exchange rate system has on foreign exchange (FX) hedging costs. Specifically, it is analyzed how this policy change impacts the costs of a risk reversal, a commonly used hedging strategy in FX markets that is derived from Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) 5 Although the exchange rate is analyzed from a CHF perspective in this paper, i.e., the number of units of Swiss francs needed to buy one euro or a floor of 1.20 Swiss francs per euro, respectively, the exchange rate is referred to as "EUR/CHF" in the body of the text, following the FX market convention (see Reiswich and Wystup, 2010, among others) . 6 See, e.g., the risk-neutral valuation paradox in Maccioni (2011) for an alternative explanation of how investors can create bubbles in derivatives markets.
the standard put-call parity. An empirical application to the EUR/CHF 5 1.20 minimum exchange rate regime that the SNB implemented from September 6, 2011 to January 15, 2015 shows that investors who used the Swiss franc as their numéraire and sought protection against a weakening euro incurred substantial costs as a result of hedging exposure to the euro and may have been overexposed to FX risk in this period. Fourth and as a side effect of the main analysis, this paper offers an alternative explanation for the existence of EUR/CHF put options with exercise prices below the EUR/CHF 1.20 floor that traded at non-zero cost in the analyzed period, even if investors perceived the minimum exchange rate policy of the SNB visà-vis the euro currency as fully credible. It is shown that under an asset pricing model where the exchange rate follows a reflected geometric Brownian motion such put options can indeed have positive prices, whenever investors erroneously apply the standard put-call parity in a risk-neutral pricing framework to impute put prices from call prices. This observation shows how, for instance, risk-neutral investors can generate bubbles in derivatives markets, 6 which may cause financial instability. Hence, the possibility of (at least theoretically possible) destabilizing price bubbles in FX options markets and the aforementioned examples that show that mixing both parities is also done in academia underlines the necessity of the present cautionary note.
The remainder of this chapter is organized as follows. Section 2.1 summarizes some well-known results on option pricing and develops the put-call parity under GBM. In Section 2.2, a reflecting barrier is superimposed on GBM, the option prices that result under the risk-neutral measure are derived and it is confirmed that two expressions emerge for the relationship between put and call option prices. In Section 2.3, the impact that different parameters have on the difference between both parities is illustrated, or the error that arises when using the standard put-call parity in a risk-neutral pricing framework as a shortcut to impute put prices from call prices, and vice versa. In Section 3, this paper empirically illustrates for the case of the EUR/CHF FX rate under the SNB's recently abandoned minimum exchange rate regime how both parities can be used to assess the impact that the introduction of a floor in FX markets has on hedging costs. Section 4 summarizes the main findings of this paper.
Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) 7 Alternatively, the following formulas can be applied to stock prices, assuming a perpetual flow of dividends proportional to the level of the contemporaneous stock price. 8 This is a commonly used assumption in finance, see, e.g. Glasserman (2004) , Wystup (2010a) , Musiela and Rutkowski (2009) or Geman (2015) .
The Put-Call Parity

The Put-Call Parity under Geometric Brownian Motion
Assume that before the implementation of the strong-side commitment, the spot exchange rate 7 S t (quoted as the number of units of domestic currency required to buy one unit of foreign currency as of time t) follows a GBM 8 in a free floating exchange rate regime with drift coefficient and diffusion coefficient :
where dW t denotes the increment of a standard Wiener process. The free-floating exchange rate is a martingale if the drift coefficient in Equation (1) is replaced by
where r and r f are the instantaneous, continuously compounded risk-free interest rates in the domestic and foreign currency, respectively. Under the risk-neutral valuation approach (Cox and Ross, 1976) , the price of a European call option on the spot exchange rate S t with an exercise price X and a time to maturity T t can be expressed as (Garman and Kohlhagen, 1983 where pr(S T ,S t ,r,r f , , ) and ( ) denote the risk-neutral transition density function and the cumulative distribution function of the standard normal distribution, respectively.
The corresponding put price can accordingly be expressed as (Garman and Kohlhagen, 1983) :
The risk-neutral put price can also be obtained from the call price in Equation (3) together with the standard put-call parity. In fact, Stoll (1969) showed that the relationship between call and put prices can be derived from a static hedge in which a call is sold and a put is bought, with both options having the same exercise price and time to maturity. Completing this portfolio by borrowing { X exp -r } units of domestic money and lending {1 exp -r f units of foreign money then guarantees that its payoff at time T is zero. In order to ensure that this portfolio is not dominated nor dominates (Merton, 1973) , its value at time t then must also equal zero. Hence, the following expression for the putcall parity results:
--( , , , , , ) ( , , , , , ) exp
exp .
Indeed, plugging the call price in Equation (3) into Equation (5) yields the put price in Equation (4). In other words, the standard put-call parity under GBM yields exactly the difference between the risk-neutral put and call prices.
Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) 9 See, e.g., Veestraeten (2013) , Hertrich and Zimmermann (2015) or Gerber and Pafumi (2000) and Ko, Shiu, and Wei (2010) for a similar approach applied to the price process of an investment fund. 10 Being consistent with the commonly used assumption that exchange rates follow a GBM (see footnote 8), a RGBM results by superimposing instantaneous and infinitesimal reflection at the lower barrier b on GBM.
The Put-Call Parity under Geometric Brownian Motion with Reflection
Now assume that the domestic central bank introduces a (temporary) unilateral (in the following, this term will be omitted for the sake of simplicity) one-sided target zone for the exchange rate S t subject to a lower boundary b, whereby a central bank intervenes to buy a specific foreign currency to maintain a minimum exchange rate b (which will be called "floor" in the following), such that it can guarantee a minimum exchange rate b. Hence, the then observed exchange rate t S will be equal to or larger than the formerly free floating and now (partially) latent (or shadow) exchange rate S t . The observed exchange rate t S then equals:
Scaling the stochastic process t S by the floor b and taking logs, the resulting stochastic process { ln( )} t S b results from the (scaled) exchange rate process {ln(S t b)} in a free-floating exchange rate regime by introducing a reflecting barrier at zero, 9 a so-called reflected (or regulated) GBM (RGBM): 10
where the process L t is the so-called reflection function in Skorokhod (1961) . L t is a continuous, non-decreasing process with L 0 0 and increases only when S t hits the lower barrier b (see, e.g., Harrison (1985) ). In that case reflection takes place instantaneously. This reflection mechanism ensures that the exchange rate does not spend finite time on the barrier, such that no situation can arise in which the exchange rate could only move in one direction, hereby enabling riskless arbitrage gains (see, e.g., Ingersoll Jr., 1987 , p. 270, or Bergman, 1996 , for more details about this statement). For more details on the reflection mechanism and its implications for option pricing, the interested reader is referred to Veestraeten (2008) .
Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) 11 According to the classification in Jarrow, Protter, and Shimbo (2007) , this bubble would be a so-called type 3 bubble.
The RGBM in Equation (7) implies that the drift rate of t S is identical to the drift rate of S t . Let S 0 b denote the initial exchange rate, i.e., the exchange rate that is observed in the market just after announcing the introduction of a lower floor level for the exchange rate S t . Hence, initially 0 S equals S 0 and t t S S for t > 0, whereby assuming that the latent exchange rate S t is the "fair" equilibrium exchange rate, the domestic currency will be either "fairly" priced or undervalued with respect to the foreign currency (similar to the case in Hertrich and Zimmermann (2015) , Jermann (2014) and Hanke, Poulsen, and Weissensteiner (2015) ) under the strong-side commitment. In terms of the strand of literature about asset price bubbles, this implies that the observed exchange rate t S now has a non-negative bubble, 11 which will become relevant in the empirical application. In terms of the stochastics of the RGBM, t S now constitutes a semimartingale (Dhrymes, 1998) , since it can be decomposed into a local martingale and two finite variation processes, namely the drift and the reflection component. For ln(S t ), Equation (7) becomes:
With regards to the martingale property of the RGBM, notice the following analogy: According to Equations (7) or (8), the conditional expectation of {ln( )} t S b can be obtained from {ln(S t b)} by introducing a reflecting barrier at zero (Gerber and Pafumi, 2000) . Hence, the conditional expectation under RGBM E r (S T ,S t ,r,r f , , ,b) t in Appendix A equals the conditional expectation of t S under the minimum exchange rate regime. As reflection can only add value (see also Subsection 2.3), it follows that:
where the second conditional expectation equals the expected value for S t under GBM. Moreover, as long as t S is not reflected at the lower barrier b, t t S S holds (see Gerber and Pafumi, 2000, and Imai and Boyle, 2001) . Hence, E ( , , , , , , ) exp ,
whereby the price process t S now follows a submartingale under the risk-neutral measure (Doob, 1971) . Therefore, t S is a local martingale that does not satisfy the martingale property. The latent exchange rate S t , however, still follows a martingale (see Subsection 2.1) as it is the case in Hertrich and Zimmermann (2015) or as implicitly assumed in Jermann (2014) and Hanke, Poulsen, and Weissensteiner (2015) . Notice that in the following the observed exchange rate will be denoted by S t , given that under the minimum exchange rate regime 0 0 S S and given that the changes in t S can be modeled as in Equation (7). In the following, it is assumed that the exercise price is located above the barrier, i.e., X b. The results for the case X b are derived in Appendix B. The following transition density ( , , , , , , )
gives the likelihood of reaching the exchange rate level S T at time T out of the source point (S t ,t), given that b is a reflecting boundary. Adjusting the transition density in Veestraeten (2008) by introducing a perpetual dividend yield for stocks, which is equivalent to a constant, continuously compounded interest rate on the foreign currency, the corresponding density for an exchange rate as the underlying security equals (Hertrich and Zimmermann, 2015) :
exp exp exp
Decreasing b to zero simplifies Equation (10) and the risk-neutral transition density function under GBM results, as reflection is precluded, given that zero is not accessible under GBM.
Under the RGBM assumption, risk-neutral valuation then gives the following expression for the call price (see also Veestraeten (2013) ):
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As required, removing the reflecting barrier (b 0) simplifies the call price under RGBM, and the call price in Equation (3) results. The corresponding risk-neutral put price under RGBM equals (Hertrich and Veestraeten, 2013) : The put price in Equation (12) for a stock with no dividends was not documented in Veestraeten (2008) , as he assumed that it could be obtained from the call price via the standard put-call parity. This belief found its origin in the fact that the static hedge of Stoll (1969) continues to give the standard expression for the put-call parity. Indeed, reflection does not create intermediate payments, does not cancel option contracts or alter their payoff, such that Table 1 corresponds to the contingent payoffs that is implied by the standard put-call parity in the case of GBM (see Subsection 2.1): 
Notes: The table shows the static hedge argument of Stoll (1969) who shows that the relationship between the market prices of call options C t (X,S t ,r,r f , , ,b) t and put options P t (X,S t ,r,r f , , ,b) t , abbreviated by C t and P t , respectively, can be derived from a static hedge portfolio, i.e., a portfolio in which a call is sold, a put is bought with both options having the same exercise price X and time to maturity by borrowing {X exp -r } units of domestic money and lending {1 exp -r f } units of foreign money, guaranteeing a payoff of zero at time T, when reflection is possible. To ensure that this portfolio is not dominated nor dominates (Merton, 1973) , its value at time t then also must be zero.
Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) However, now two distinct expressions for the relationship between put and call prices emerge, since the risk-neutral put-call parity under reflection is not identical to the standard put-call parity PCP in Equation (5) 
such that according to the standard PCP arbitrage opportunities arise.
This observation is in accordance with, for instance, the results in Cox and Hobson (2005) or Heston, Loewenstein, and Willard (2007) , who both show that the relationship between put and call prices indeed is not unique when the martingale property is lost for the underlying security, as in the present case of RGBM. In other words, although an ELMM exists, the martingale restriction in Longstaff (1995) does not hold for the risk-neutral transition density pr r ( , b ) . This is due to the fact that in this case the risk-neutral measure is not a martingale measure and that consequently the valuation PDE yields more than one solution, depending on whether the currency options are priced under the risk-neutral measure developed in Veestraeten (2008) and adjusted for currencies as in Hertrich and Zimmermann (2015) , or whether the standard put-call parity is used to impute call (put) option prices from the corresponding put (call) option prices. Indeed, depending on the restrictions imposed on admissible trading strategies (e.g., whether short-selling is possible) under the NFLVR condition, there may be more than just two alternative option prices that solve the valuation PDE. Hence, some solutions may satisfy, for instance, the put-call parity, although they do not correspond with the option prices under the risk-neutral measure.
At this point, it is necessary to make the following remark: As a put option is a conditional claim with a bounded payoff, it can be shown (see Madan and Yor (2006) , Ekström and Tysk (2009) or Protter (2013) for a proof) that also in cases where the martingale property is lost, such that non-negative asset price Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) 12 Shiller (2000) or Dillén and Sellin (2003) , for instance, both document the existence of negative price bubbles in recent episodes.
bubbles are possible, the put price is unique and equals the risk-neutral put price. However, the same does not hold for call options, whereby multiple call prices arise, depending, for instance, on the no-arbitrage condition involved (i.e., the call price according to the standard PCP or the risk-neutral measure). Notice that a non-negative price bubble in the case of an exchange rate, when using one currency as the numéraire, results in a non-negative price bubble when expressing the spot exchange rate in the other numéraire currency (Carr, Fisher, and Ruf, 2014) or in a negative bubble if, for instance, the domestic risk-neutral measure is also used for a foreign investor (Jarrow and Protter, 2011) . 12 Consequently, by the foreign-domestic equivalence (Grabbe, 1983) , the non-uniqueness of the call price when the underlying is S t implies the non-uniqueness of the put price when the underlying is S t -1
. Accordingly, the uniqueness of the put price when the underlying is S t implies the uniqueness of the call price when the underlying is the inverse of the exchange rate S t -1
.
What is the intuition behind this remark? For that purpose, let us elaborate on the notion of an asset price bubble (or in short, a bubble). In general, a bubble is defined as the difference between the asset's market price and the replicating strategy with the lowest cost or its fundamental value (see, e.g., Heston, Loewenstein, and Willard (2007) or Protter (2013)). A bubble can be modeled by an underlying security whose discounted price process is a strict local martingale under a given pricing measure (Ekström and Tysk, 2009 ). In particular, it can be shown that the risk-neutral price corresponds to the lowest cost replicating strategy with non-negative value (Heston, Loewenstein, and Willard, 2007) . Similarly, Protter (2013) defines the fundamental value as the asset price that is calculated under the risk-neutral measure. Consequently, an asset pricing bubble equals the asset's market price minus the corresponding risk-neutral price. Now suppose that the put option has a non-negative price bubble. This is only possible if the put price exceeds the exercise price X with positive probability (Heston, Loewenstein, and Willard, 2007) . Given that put prices are bounded by the discounted exercise price, the bubble must always equal zero. Hence, put prices should always be unique and equal the risk-neutral price. In addition, due to the NFLVR assumption an ELMM exists . Therefore, the risk-neutral put price can easily be obtained using the risk-neutral density in Equation (10).
What about call option prices? In this paper, a reflecting boundary is superimposed on GBM and the martingale property is lost, since in this case a submartingale results. Compared to the exchange rate that would prevail without the minimum exchange rate, the domestic central bank might have created a non-negative bubble (see Equation (6)). Indeed, under the target zone regime, we are dealing with a submartingale, a local martingale that does not satisfy the martingale restriction. Consequently, the underlying security will exhibit a bubble. The fact that the put-call parity holds for fundamental prices, irrespective of the existence of asset pricing bubbles (Protter, 2013) and assuming that the standard put-call parity holds, implies that the sum of the put option bubble and the discounted bubble (at the foreign interest rate r f ) on the underlying security must equal the bubble on the call (Heston, Loewenstein, and Willard, 2007) . Since the put option bubble is zero, the call price must have a non-negative bubble that is equal to the bubble on the underlying security. Hence, due to the existence of the call option bubble, the call price will not equal its risk-neutral price.
However, due to the aforementioned NFLVR assumption, an ELMM exists. Therefore, a risk-neutral call price can be calculated as well, which equals its fundamental value. Consequently, the call market price can take on at least these two values, i.e., the risk-neutral call price and the imputed call price via the standard put-call parity. While under the target zone regime the strategy of short-selling the foreign currency and investing the proceeds in a cheaper replicating strategy (i.e., according to the standard PCP) might result in a large profit when the minimum exchange rate policy is abandoned, there are, nevertheless, no-arbitrage opportunities to exploit, since this arbitrage portfolio is exposed to possibly unbounded losses before unwinding the short position at maturity (e.g., due to margin requirements). Hence, this trading strategy is not admissible under the NFLVR assumption (see, e.g., Pennacchi (2008) and Ruf (2013) ).
The Standard PCP vs. the Risk-Neutral PCP
In the following, the size and nature of the difference between the two put-call parities in absolute terms will be illustrated via the metric r , which in this section is defined as the risk-neutral put-call parity under reflection minus the relationship between the market put and call prices implied by the standard put- (1)-(4) show r for larger values of the parameters , r, and X, respectively, in order to shed light on the underlying determinants of the difference.
As required, the difference vanishes for a higher exchange rate in view of the lower distributional and thus pricing impact of b. Moreover, notice that the metric r is always non-positive: The conditional expectation E r ( , b ) t exceeds E(S T ,S t ,r,r f , , ) t S t exp , since reflection both prevents the exchange rate from falling below b and reflects the exchange rate upwards at that value when compared with GBM. In other words, the barrier b can only create additional conditional expectation and consequently r is negative for non-zero values of b. In this case, however, the exchange rate follows a submartingale and no longer a martingale, since a martingale must be both a submartingale and a supermartingale (Doob, 1971) . Risk-neutral valuation must then be justified by the NFLVR assumption (Delbaen and Schachermayer, 1994) in order to prevent the arbitrage opportunities that would otherwise arise when the martingale restriction is not fulfilled (Longstaff, 1995) .
Both a larger time to maturity and a higher volatility level (panels 1 and 3 in Figure 1 ) make r more negative compared to the baseline scenario. Indeed, the reflection mechanism is superimposed on GBM, such that evaluating the difference in conditional expectations in Equation (14) isolates the effect of reflection. Consequently, both a larger time to maturity and a higher volatility step up the likelihood of reflection and thus cause r to become more negative. Likewise, a higher domestic interest rate r (panel 2 in Figure 1 ) reduces the likelihood that b will be reached: For instance, according to uncovered interest parity, a higher risk-free interest rate differential between the domestic and the foreign country translates into an expected depreciation of the domestic currency vis-à-vis the foreign currency, whereby S t is expected to increase over time, such that the lower probability of S t hitting the lower barrier b causes the difference to become less negative. Figure 1 reveals that r does not depend on the exercise price X and therefore the lines in panel 4 coincide. At first sight, this may come as a surprise, given the prominent role of X in Equations (11) and (12). However, Equation (14) shows that r yields a probabilistic interpretation in terms of conditional expected values and therefore does not depend on the exercise price X.
Imputing the call price via the risk-neutral put price and using the standard put-call parity in a risk-neutral pricing framework yields
Similarly, imputing the put price via the risk-neutral call price and using the standard put-call parity in a risk-neutral pricing framework yields ( , ) ( , , , , , , )
As r is non-positive, this implies that the imputed call price C r PCP ( ,b ) t is too low compared to the corresponding risk-neutral call price C r ( ,b ) t , and that the imputed put price P r PCP ( ,b ) t is too high compared to the corresponding riskneutral put price P r ( ,b ) t , since:
Notice that although, for instance, the call option can be sold short and replicated (using the standard PCP), this investment strategy is not admissible under the NFLVR assumption, since it risks unbounded losses before unwinding the short position.
Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) 13 Dumas and Svensson (1994) and Broome (2001) analyze the expected lifetime of unilateral target zones and the factors that determine their survival time. It may be interesting to analyze the recent Swiss experience, which may add new insights to this strand of literature.
A Cautionary Note and an Empirical Application: Foreign Exchange Hedging Costs under the SNB's Minimum Exchange Rate Policy
Motivation
In this section, the impact that the introduction of a lower reflecting barrier has on FX hedging costs for an exchange rate that previously followed a GBM in a free-floating exchange rate system is analyzed. For consistency reasons, it is assumed that after the announcement of a minimum exchange rate for the domestic currency vis-à-vis a specific foreign currency, or when there is in effect a temporary 13 unilateral one-sided target zone in place (i.e., there is a strongside commitment to support one currency vis-à-vis another currency), that the exchange rate follows a RGBM.
To be more specific and as already mentioned in Section 1, in this section the EUR/CHF exchange rate is used and the time period from September 6, 2011 to January 15, 2015 is analyzed, i.e., the period when the SNB had a minimum exchange rate policy vis-à-vis the euro currency in place. Assuming that in this period the Swiss franc vis-à-vis the euro followed a RGBM, the continuous-time analogue of a Gaussian random walk with drift and a reflecting barrier for the exchange rate, the impact that the introduction of the EUR/CHF 1.20 floor has had on FX hedging costs can be analyzed.
The FX hedging costs are modeled by a risk reversal strategy for the EUR/ CHF exchange rate, which is a strategy that is derived from the standard putcall parity and consists of a long European out-of-the-money EUR put/CHF call option (which corresponds to an EUR/CHF put) and a short European outof-the-money EUR call/CHF put option (which corresponds to an EUR/CHF call), both with the same time to maturity and identical option delta in absolute value. The underlying plain vanilla options allow, for instance, the buyer of the EUR/CHF put (call) option to sell (buy) the euro currency in exchange for the Swiss franc at the maturity date.
This risk reversal strategy implies a bearish view concerning the euro currency (Dunis and Lequeux, 2001) , since positive risk reversal prices imply that investors sought protection against a strengthening Swiss franc (or a weakening of the euro currency) in the period analyzed. Hence, risk reversals proxy the costs Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) 14 More details about the Vanna-Volga method can be found in, e.g., Castagna and Mercurio (2005) , Castagna and Mercurio (2007) , Wystup (2010b) or Bossens et al. (2010) . associated with hedging exposure to the euro currency for investors who use the Swiss franc as their numéraire. Notice that throughout the empirical application and according to the market practice, the risk reversal strategy involves put and call options with different exercise prices. Therefore, in the following, the exercise price for the put and call options is denoted by X 1 and X 2 with X 1 X 2 , respectively. The exercise prices for both option contracts can be easily recovered from the price quotes via the option's delta (see, for instance Castagna and Mercurio (2005) for the exact formulas to obtain the option delta).
Data
To calculate the impact of introducing a minimum exchange rate on FX hedging costs, the required continuously compounded domestic and foreign risk-free interest rates r and r f are proxied by the corresponding CHF LIBOR and EUR LIBOR interest rates for a contract maturity of 3 months. In order to specify the volatility level , option implied volatilities for call and put options on the EUR-CHF spot FX rate from Bloomberg with a "delta" of 25 % and at-the-money delta neutral options with a contract maturity of 3 months are used, covering the period from September 6, 2011 to January 14, 2015. Specifically, it is assumed that investors use the previous day's implied volatility as an estimate for today's implied volatility, following Whaley (1993) and Bakshi, Cao, and Chen (1997) , among others, as compared to alternative measures, this procedure has a large forecasting power (see, e.g., Satchell (2007) and Wang and Daigler (2011) ). The volatility smile effect is captured by applying the Vanna-Volga approximation as discussed in Castagna and Mercurio (2005) , thereby getting implied volatilities VV that are consistent with the previous day's volatility smile curve. 14 The required spot EUR/CHF exchange rate is obtained from Bloomberg as well.
Notice that under the SNB's minimum exchange rate regime, EUR/CHF put options with strike prices below the EUR/CHF 1.20 floor should have traded at a price equal to zero. During this period, however, some of these contracts traded at non-zero costs in the market (Hertrich and Zimmermann, 2015) . Therefore, under the RGBM framework of this paper, a floor level b EUR/ CHF 1.20 that is consistent with these put option prices is required, whereby some investors expected a realignment of the floor to a lower level. The prices for the risk reversal strategies in Subsection 2.3 can then be estimated using the Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) implied EUR/CHF floor levels b from Hertrich and Zimmermann (2015) , which are estimated using the same EUR/CHF put options than in this paper and are associated with the same Vanna-Volga implied volatilities VV for the EUR/CHF exchange rate. Moreover, assuming that in the period of interest call options were priced in the same way than put options, these implied floor levels can also be used for the EUR/CHF call options.
Empirical Results
In both regimes, the costs associated with a risk reversal strategy equal the difference between the put and call prices. As the introduction of a lower boundary has a positive effect on call prices (Veestraeten, 2008) and a negative effect on put prices (Hertrich and Zimmermann, 2015) , it is expected that hedging costs decreased for investors who use the Swiss franc as their numéraire and hedged exposure to the euro in the period analyzed.
Accordingly, the estimated hedging costs in a risk-neutral pricing framework or the fundamental value (see Section 2.2) of this strategy RR RN are equal to the difference between the risk-neutral put prices VV , , b t and the risk-neutral call prices, where the Vanna-Volga implied volatilities VV , the implied floor levels b from Hertrich and Zimmermann (2015) , the corresponding exercise prices (estimated as in Castagna and Mercurio (2005) ), the spot EUR/CHF exchange rate and both the domestic and foreign risk-free interest rates from Bloomberg are used: 1 2 ( , , , , , , ) ( , , , , , , ) .
Before proceeding, however, it is necessary to relate the fact that two different no-arbitrage conditions arise when the diffusion is bounded to the empirical application in this section. As already mentioned, it can be shown that also in cases where the martingale property is lost, the put price is unique and equals the risk-neutral put price, whereas the same does not hold for call options, i.e., multiple call prices can arise and coexist, depending on the no-arbitrage condition involved (see Section 2.2). Hence, the hedging costs that are implied by using the same call exercise prices than in Equation (18) and the standard put-call parity are denoted by RR PCP and equal the difference between the risk-neutral put price and the imputed call price:
1 2 ( , , , , , , ) ( , , , , , , ) .
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Finally, the hedging costs that are observed in the market are denoted by: 15 1 2 ( , , , , , ) ( , , , , , ) ,
where mkt denotes the implied volatility level that accords with the observed option prices in the market using the GK model. The estimated hedging costs or the prices of the analyzed risk reversal strategy are plotted in the following figure: 
RR GK RR PCP RR RN
Notes: The figure plots the (smoothed using splines) prices (in CHF/100) of a EUR/CHF 3-month 25-delta risk reversal, from September 06, 2011 to January 14, 2015, based on the Garman-Kohlhagen currency pricing model, RR GK , the price based on the standard put-call parity, RR PCP and the price in a risk-neutral pricing framework, RR RN . Note that for graphical convenience, the y-axis has been scaled by dividing the risk reversal prices by 100. Depending on the pricing methodology that is used, the prices of the analyzed hedging strategy fluctuated between -0.0243 CHF and approximately 0.0069 CHF in the period analyzed. According to the market prices RR GK , the hedging costs were initially (mainly) positive and remained high for investors who use the Swiss franc as their numéraire and hedged exposure to the euro currency during the first quarters after the introduction of the EUR/CHF 1.20 floor. This means that market participants initially considered the risk of a depreciation of the euro currency as riskier than the risk of an appreciation of the euro currency (since RR GK 0) and therefore sought protection against a weakening of the euro currency. It can also be seen that several episodes, such as, for example, the Greek and French elections in spring 2012 caused the EUR/CHF hedging costs to rise. From October 16, 2012 until October 30, 2014 these costs turned slightly negative, meaning that in this period investors rather sought protection against a strengthening of the euro currency vis-à-vis the Swiss franc. This observation is in line with the dynamics of the spot EUR/CHF exchange rate in Figure C1 in Appendix C. Apparently, the euro currency appreciated vis-à-vis the Swiss franc in the aftermath of the announcement of the details of the unlimited bond buying program by the president of the European Central Bank (ECB) Mario Draghi on September 6, 2012. Finally, in summer 2014, the costs of the analyzed hedging strategy turned less negative and fluctuated around a price of zero Swiss francs and finally became positive from October 31, 2014 onwards. The costs for the fundamental value RR RN , however, remained negative throughout the period analyzed. According to these prices, market participants viewed the risk of an appreciation of the euro currency as riskier than the risk of an depreciation of the euro currency (since RR RN 0). The dynamics of RR RN contrasts the dynamics of RR GK and implies that the market prices significantly deviated from the fundamental values in the period analyzed, which may reflect the negative impact of the euro zone crisis on the euro currency, in the sense that investors overreacted to this crisis searching protection against a weakening of the euro currency that does not accord with the economic fundamentals of the euro currency. Interestingly, the speech of the president of the ECB on September 6, 2012 had no significant effect on these costs.
Notice that the different sign between the prices of the analyzed risk reversal strategy according to the different methodologies can indicate even opposed views: As the risk reversal is a measure of the skewness of the expected exchange rate distribution as of time T (see Campa, Chang, and Reider (1998) , among others), depending on which call price is used, the risk reversal (RR GK or RR RN ) indicates either a bearish or a bullish view concerning the euro currency vis-àvis the Swiss franc. Therefore, risk reversals might have lost their relevance as a Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) directional indicator of the expected EUR/CHF exchange rate movements under the SNB's minimum exchange rate regime.
As expected, 16 the hedging costs RR PCP associated with the standard put-call parity are higher than the hedging costs RR RN that are derived from the riskneutral pricing framework. Moreover, the hedging costs RR GK that are observed in the market are closer to the hedging costs RR PCP than to RR RN . This might indicate that the call price C r PCP ( ,b ) t arose relatively more often than C r ( ,b ) t , meaning that investors applied the standard put-call parity relatively more often than the risk-neutral parity. This accords with the observation in Protter (2013) who emphasizes that in financial markets the standard put-call parity most often holds, despite the fact that there are periods, e.g., during the dot.com bubble in the 1990s, where market prices violated the standard put-call parity in the presence of bubbles (see Lamont and Thaler (2003) and Ofek, Richardson, and Whitelaw (2004) , among others). Also the fact that there are no restrictions on short selling EUR/CHF call options supports this view, since there are consequently no restrictions on admissible trading strategies.
Notice that the fact that under GBM with reflection more than one call price solves the Black-Scholes PDE adds uncertainty to FX markets, as it cannot be said which market price arises for call options, i.e., investors do not know whether C r ( ,b ) t or C r PCP ( ,b ) t is the correct market price. This may cause investors to demand a risk premium on call options to compensate for the added uncertainty, which may depress call prices and might explain why the costs RR PCP were lower than the market prices of RR GK in the periods where the spot EUR/ CHF exchange rate was close to the EUR/CHF 1.20 floor, i.e., the periods from March 30, 2012 to September 6, 2012 and from October 31, 2014 onwards (see Figure 2 and Figure C1 in Appendix C), since in these two periods the possibility of obtaining two different prices depending on the pricing methodology used became especially relevant (e.g., the risk-neutral call option price vs. the call option implied by the standard PCP), as S t was close to the EUR/CHF 1.20 floor and consequently the effect of the minimum exchange rate regime on the costs of the risk reversal strategy was more pronounced.
There is in fact a strand of literature that interprets the price difference between the model-implied option prices and the market prices as a risk premium, i.e., as a compensation for volatility risk or jump-size risk (see Balyeat (2002) for a brief survey of this strand of literature). Therefore, although the introduction of the EUR/CHF 1.20 floor was successful in stabilizing the EUR/CHF exchange rate and positive for the Swiss macroeconomy (Chen, 2012) , the multiplicity of call prices also implies that this policy might have had negative externalities in the form of additional costs associated with hedging FX risk associated with the Swiss franc vis-à-vis the euro, whereby during certain periods some investors may have been overexposed to FX risk.
All in all, the main picture is that hedging costs decreased substantially, but depending on the measure that is used, the period that is considered and which perspective is taken (i.e., whether the costs for investors who use the Swiss franc as their numéraire and hedge exposure to the euro currency or the costs for investors who use the euro as their numéraire and hedge exposure to the Swiss franc are considered), hedging costs remained high in a historical context. This conjecture is supported by Figure 3 , where the hedging costs associated with the analyzed risk reversal strategy in the period from January 03, 2006 to September 05, 2011 before the SNB set the EUR/CHF 1.20 floor are plotted: In a historical perspective, the recent Swiss experience entails periods where hedging costs vis-à-vis the euro were high, for instance, in the period from September 2011 to mid of December 2011 or from April 2012 to September 6, 2012 ( Figure 2 ). In the latter period, for instance, hedging costs as measured by the market prices RR GK in Figure 2 fluctuate in the range between 0.0011 CHF and approximately 0.0043 CHF, which is high compared to the hedging costs in the period before summer 2008 or from spring 2009 to spring 2011 (Figure 3) . This is interesting, as under RGBM lower hedging costs are expected. A closer look at the parameters that have an impact on the difference between both parities and herewith on put and call prices (see Figure 1 ) might explain this observation, as the relatively high hedging costs (in a historical context) in part might reflect the narrowing of the interest rate differential between the 3-month CHF LIBOR interest rate and the 3-month EUR LIBOR interest rate until mid of December 2012 ( Figure C2 in Appendix C), which then again modestly widened. This fact accords with panel 2 in Figure 1 , whereby an increase in the interest rate differential goes hand-in-hand with a higher r . Hence, the costs of a risk reversal strategy adjust accordingly.
Conclusion
The put-call parity, first formalized by Stoll (1969) , which is referred to as the standard put-call parity in this paper, is based on a static hedge that results in a simple relationship between prices of European put and call options on the same underlying which share the same exercise price and time to maturity. Recent papers, however (see, for instance, Cox and Hobson (2005) and Heston, Loewenstein, and Willard (2007) ), argue that the two parities differ when the martingale property is not fulfilled, such as in the case of an exchange rate that follows a reflected geometric Brownian motion (RGBM) in a minimum exchange rate regime. This paper analyzes the relationship between the standard and the risk-neutral put-call parity for set-ups in which a reflecting barrier is superimposed on GBM. It is shown that the martingale property is no longer fulfilled when reflection is superimposed on GBM and that as a consequence, here also, the standard and the risk-neutral put-call parities differ. Given that there are studies in academia that in a risk-neutral pricing framework erroneously mix both parities using the traditional put-call parity as a shortcut to impute put (call) prices from call (price) prices when the diffusion is bounded by reflecting barriers, this paper shows that under RGBM the martingale restriction is not fulfilled and analyzes as a cautionary note the size and nature of the difference between both parities. Finally, the risk-neutral parity that is derived for a RGBM is used to analyze the impact Swiss Journal of Economics and Statistics, 2015, Vol. 151 (3) that the introduction of a minimum exchange rate in an initially free-floating exchange rate system has on hedging costs (measured by a risk reversal strategy).
Using the EUR/CHF exchange rate in the period where the Swiss National Bank (SNB) had a minimum exchange rate regime for the euro currency vis-àvis the Swiss franc in place, this paper shows that in a historical context hedging costs were substantial (up to 0.0069 CHF) for investors who use the Swiss franc as their numéraire and sought protection against a weakening euro currency, contrary to the expected effect of introducing a one-sided target zone on these hedging costs. Consequently, some investors may have been overexposed to foreign exchange (FX) risk in the period analyzed. In addition, depending on the call price involved, the risk reversal strategy may even have indicated opposed views and might therefore have lost its relevance as a directional indicator of the expected EUR/CHF exchange rate movements under the SNB's minimum exchange rate regime. In addition and as a side effect of the main analysis, an alternative explanation for the existence of EUR/CHF put options with exercise prices below the EUR/CHF 1.20 floor that traded at non-zero cost in the period analyzed is offered, even if investors perceived the minimum exchange rate policy of the SNB vis-à-vis the euro currency as fully credible. It is shown that under RGBM such put options can indeed have positive prices, whenever investors in a risk-neutral pricing framework erroneously apply the standard putcall parity to impute put prices from call prices. This observation shows how, among others, risk-neutral investors can generate bubbles in derivatives markets, which may cause financial instability. Hence, the possibility of (at least theoretically) destabilizing price bubbles in FX markets also underlines the necessity of the present cautionary note. Notes: The figure plots the daily (annualized and continuously compounded) interest rate differential between the 3-month CHF LIBOR interest rate (r) and the 3-month EUR LIBOR interest rate (r f ) from September 06, 2011 to January 14, 2015. The first marked date (26.07.2012) refers to the announcement of the "Draghi put" ("Whatever it takes"), the second marked date (06.09.2012) to the date when the European Central Bank launched the Outright Monetary Transaction (OMT) program. Data source: Bloomberg.
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as a shortcut to impute put prices from call prices, and vice versa. The risk-neutral parity that is derived for a reflected geometric Brownian motion is then used to analyze the impact that the Swiss National Bank's minimum exchange rate regime vis-à-vis the euro has had on foreign exchange hedging costs. The analysis shows that in the analyzed period domestic investors may have incurred substantial costs as a result of hedging exposure to the euro currency and may have been overexposed to foreign exchange risk.
